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Abstract Fuji Volcano last erupted in AD 1707 depositing
approximately 40 mm of tephra in the area that is now central
Tokyo. New high-resolution data describe 17 eruptive phases
occurring over a period of 16 days (Miyaji et al., J Volcanol
Geotherm Res 207(3–4):113–129, 2011). Inversion tech-
niques were used in order to best replicate geological data
and eyewitness accounts, and to estimate eruption source pa-
rameters. Inversion results based on data from individual erup-
tive phases suggest a total erupted mass of 2.09×1012 kg.
Comparatively, results based on a single data set describing
the entire eruption sequence suggest a total mass of 1.69×
1012 kg. Values for total erupted mass determined by inversion
were compared to those calculated using various curve fitting
approaches. An exponential (two-segment) method, taking
into account missing distal data, was found to be most com-
patible with inversion results, giving an erupted mass of
2.52×1012 kg when combining individual phases and 1.59×
1012 kg when utilising a single data set describing the Hoei
sequence. Similarly, a Weibull fitting method determined a
total erupted mass of 1.54×1012 kg for the single data set
and compared favourably with inversion results when enough
data were available. Partitioning extended eruption scenarios
into multiple phases and including detailed geological data
close to the eruption source, more accurately replicated the
observed deposit by taking into account subtleties such as
lobes deposited during transient increases in eruption rate
and variations in wind velocity or direction throughout the
eruption.
Keywords Hoeieruption . Inversionmodelling .MountFuji .
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Introduction
Fundamental in understanding volcanic processes and for haz-
ard assessment at explosive volcanoes is the characterisation
of physical eruption parameters including erupted mass,
plume height, eruption rate and total particle size distribution.
Geophysical and remote-sensing technologies can assist in
describing modern volcanic eruptions. However, past erup-
tions can often be studied based only on the associated strat-
igraphic record, which is often difficult to interpret, particular-
ly for multi-phase eruptions where mass flow rate and particle
size distribution varywith time. Inversion of analytical models
is one method for the determination of physical parameters
(e.g. Connor and Connor 2006; Bonasia et al. 2010; Mannen
2014; Volentik et al. 2010; Bonadonna et al. 2015a, c) but has
not been tested on a long-lasting, multi-phase volcanic erup-
tion. Here, we present a detailed investigation of the use of
analytical inversions based on application to a well-known
and well-studied multi-phase eruption that occurred over a
Editorial responsibility: S. A. Fagents and J. Fierstein
Electronic supplementary material The online version of this article
(doi:10.1007/s00445-015-0967-2) contains supplementary material,
which is available to authorized users.
* Christina Magill
christina.magill@mq.edu.au
1 Risk Frontiers, Faculty of Science and Engineering, Macquarie
University, Sydney, NSW 2109, Australia
2 Hot Springs Research Institute of Kanagawa Prefecture, 586 Iriuda,
Odawara, Kanagawa 250-0031, Japan
3 School of Geosciences, NES 107, University of South Florida, 4202
E. Fowler Ave., Tampa, FL 33620, USA
4 Department of Earth Sciences, University of Geneva, rue des
Maraîchers 13, 1205 Geneva, Switzerland
Bull Volcanol (2015) 77: 81
DOI 10.1007/s00445-015-0967-2
period of 16 days: the AD 1707 Hoei eruption of Mount Fuji
(Miyaji et al. 2011).
Tephra from this most recent eruption of Fuji Volcano cov-
eredmost of the South Kanto plain (Fig. 1) and has been found
in the Northwest Pacific Ocean, 270 km from source
(Machida and Arai 1988). Approximately 100 km east-
northeast of the volcano in Edo, now central Tokyo, tephra
fall was estimated to have been approximately 40 mm in
thickness (Miyaji et al. 2011). The 1707 eruption was the most
violent, and one of the largest in volume, from Younger Fuji
Volcano, which has formed over the past 11 ky (Miyaji 2002,
2011; Takada et al. 2011).
A review of historical documents by Inoue (2011) showed
that during the Hoei eruption, houses in the Mikuriya area at
the eastern foot of the volcano were destroyed by tephra up to
3 m thick. In Subashiri, the village nearest to the craters, 72
houses and three Buddhist temples were either buried by thick
hot tephra deposits or destroyed by fire caused by hot volcanic
bombs (Ishii et al. 2007). Lahars and floods caused by clog-
ging of irrigation channels by tephra-affected areas as far
away as what is now Yokohama; notably, large floods oc-
curred in the Sakawa River in 1711, 1731 and 1802, nearly
100 years after the eruption (Inoue 2011; Sumiya et al. 2002).
Failure of crops and resulting famine were also reported by
Inoue (2011).
The population within the ash-affected area is assumed to
have been over 3 million (Hayami 1993). In the area severely
damaged by thick ash falls and lahars, and within the Odawara
Domain of the time, agricultural production valued at 56,384
koku (equivalent to 10,171m3 of rice) was temporarily trusted
to the Shogunate government (City of Odawara 1999). The
population of this area is not known but, from the measure of
productivity, can be estimated to be approximately 50,000.
Now, over 30 million people now live in the area estimated
by Miyaji et al. (2011) to have been impacted by more than
10 mm of tephra. This includes almost the entire land area of
Kanagawa and Chiba prefectures, the highly populated east-
ern area of Tokyo prefecture and parts of Shizuoka,
Yamanashi and Saitama prefectures (Fig. 1).
The area affected is now home to Japan’s national govern-
ment and is a major national and international hub for busi-
ness, manufacturing and transport. If a similar eruption were
to occur today, we could expect significant disruptions to these
sectors as well as damage to buildings and infrastructure, and
impacts to agriculture and human health. The clean-up re-
quirements for such an event would be immense with
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Fig. 1 Tephra thickness isopachs
(mm) for the 1707 Hoei eruption
of Fuji volcano (modified from
Miyaji et al. (2011)). Locations:
E, Edo or central Tokyo; H,
Hongo Campus, University of
Tokyo; Y, Yokohama; O,
Odawara; S, Subashiri; N, Narita
Airport. Fuji volcano is marked
by a white triangle. White lines
indicate the boundaries of
affected prefectures: Tokyo (To),
Kanagawa (Ka), Chiba (Ch),
Saitama (Sa), Ibaraki (Ib),
Yamanashi (Ya) and Shizuoka
(Sh). The South Kanto Plain
typically refers to Tokyo,
Kanagawa, Chiba and Saitama
prefectures. Tributaries in the
north of Shizuoka, east of Fuji
Volcano, contribute to the Sakawa
River, which enters the sea at
Odawara. Inner isopachs are not
annotated but represent 1280 and
2560 mm extents
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considerable assistance and resources having to be sourced
from outside the affected area.
A detailed assessment of the hazard posed by tephra fall
from Fuji Volcano was carried out by Cabinet Office (2004)
based on the 1707 eruption. This study utilised a Regional
Meso-Scale Model of Japan Meteorological Agency (JMA),
and a nested advection–diffusion model developed by the
Meteorological Institute, to replicate the four main stages of
the Hoei eruption using averaged observed meteorological
information for December (1957–2001) and reconstructed
tephra thickness distribution for the Hoei eruption (Miyaji
1984; Shimozuru 1983; Miyaji and Koyama 2002). The study
simulated three scales of potential eruption occurring at each
month of the year. Calculated contours were shifted horizon-
tally to include uncertainty in vent location.
Here, we employed new high-resolution data describing 17
phases of the Hoei eruption (Miyaji et al. 2011) and inversion
techniques to replicate discrete periods of the eruption. In
addition, we undertook a single set of inversion runs using
data describing the eruption sequence as a whole.We analysed
the success of inversion methods in replicating the Hoei de-
posit and compared calculated erupted mass with results from
alternative curve-fitting approaches.
Inversion using Tephra2
In this study, we utilised the analytical tephra advection–dif-
fusion model Tephra2 (Bonadonna et al. 2005; Connor and
Connor 2006). Tephra2 is based on the model developed by
Suzuki (1983) and subsequently modified by a number of
authors: see Bonadonna et al. (2005) for a full description.
Tephra2 calculates particle diffusion, transport and sedimen-
tation from an explosive eruption to estimate tephra accumu-
lation at specified locations surrounding the source volcano.
Particles are assumed to be spherical and their settling velocity
is determined as a function of particle size and density, atmo-
spheric properties and Reynolds number (Bonadonna et al.
1998). Vertical atmospheric diffusion and vertical wind speed
are assumed negligible and a constant and isotropic horizontal
diffusion coefficient is implemented (Bonadonna et al. 2005).
A fall time threshold is considered to select between two pos-
sible diffusion models, one for coarse particles (a linear mod-
el) and one for fine particles (a non-linear model). Particles fall
through and are transported by a wind speed and direction
profile that varies vertically and is constant in the horizontal
direction, and are accumulated at ground level to determine
total tephra load (kg m−2).
To replicate the phases of the Hoei eruption, we utilised
inversion techniques developed by Connor and Connor
(2006). A downhill simplex method was employed to deter-
mine an optimal set of eruption parameters for Tephra2 that,
when applied, best replicated field measurements given by
Miyaji et al. (2011). The downhill simplex method is a geo-
metric approach where N independent parameters are defined
as N+1 vertices in N-dimensional space. The vertices are then
systematically shifted towards the centroid of the simplex to
find the minimum of a function describing the N independent
parameters. The calculation ends when the location of the
vertices lie within a given tolerance distance from the centroid
(Nelder and Mead 1965; Press et al. 2007).
Using this non-linear inversion process, the total erupted
mass, eruption plume height, distribution of mass within the
eruption plume, particle size distribution and wind velocity
within each atmospheric layer were varied to determine the
eruption dynamics needed to best replicate tephra accumula-
tion measured or observed at specific locations. With each
iteration, source parameters were modified and tephra accu-
mulation for given particle size categories were calculated for
each location using the forward solution model Tephra2. A
root mean square error (RMSE) was calculated to describe the
goodness-of-fit between the measured and simulated deposit:
RMSE ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX n
i¼1 Msi−Moið Þ
2
n
s
ð1Þ
where n is the number of observations, Moi the observed or
measured accumulation at location i and Msi the simulated
accumulation at location i. Multiple inversions were run with
different initial seeds or starting values (i.e. the seed value
initialised the generation of random values) to account for
the possibility of parameters being adjusted towards a local
minimum (Connor and Connor 2006).
Hoei eruption inversion
Because of the close proximity of Mount Fuji to Edo, docu-
ments and drawings of the time (see Inoue 2011; Koyama
2011; Sumiya et al. 2002) have allowed, when combined with
detailed geological investigations (for example, Miyaji 1984;
Miyaji et al. 2011; Miyaji and Koyama 2011; Tsuya 1955;
Watanabe et al. 2006), an accurate detailed chronology of
the Hoei event. Eruptive activity began at approximately 10
AM on the 16th of December with a Plinian eruption plume on
the south-eastern flank dispersing widespread pumice towards
the east. After approximately 6 h, the tephra became darker in
colour and on the morning of the 17th the eruption became
less violent. Eruptions were intermittent until the evening of
December 25th and then increased again until the 27th. After
this date, activity decreased and ceased completely on the
morning of January 1st, 1708 (Koyama 2011; Miyaji 1984,
2002).
Units within the 1707 tephra deposits were divided
into four groups, Ho-I to Ho-IV, as defined by Miyaji
(1984). Ho-I is dacite to andesite and was deposited on
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the first day of the event. Ho-II is andesitic and Ho-III
and IV basaltic (Miyaji 2002; Watanabe et al. 2006). The
average mass eruption rate throughout the eruption se-
quence was estimated at 5×109 kg per hour and, during
the deposition of Ho-I and Ho-II, 2.7×1010 kg per hour
(Miyaji et al. 2011).
Miyaji et al. (2011) revised previous geological and histor-
ical studies and subdivided the eruption deposit into 17 units
designated fromA to Q, with A representing the earliest phase
of the eruption. Thickness information at point locations for
each phase of the eruption and for the eruption sequence as a
whole were provided; isomass maps were constructed; and
mass, flux and eruption plume height estimations were made.
The number of deposit point locations, duration of each phase,
as well as estimated erupted mass and maximum plume height
are summarised in Table 1, with readers directed to Miyaji
et al. (2011), Miyaji (1984) and Watanabe et al. (2006) for
more detail. Inversion modelling described below aims to rep-
licate deposit characteristics provided at the phase level by
Miyaji et al. (2011). As a further investigation, these multi-
phase results were compared with results obtained from inver-
sion of a single set of data that describes the entire eruption
sequence.
Inversion parameters
Inversion was based primarily on thickness information given
by Miyaji et al. (2011) after applying their assumed deposit
density of 1000 kg m−3. Inversion runs were carried out sep-
arately for each eruption phase (A–Q) and for the Hoei erup-
tion sequence as a whole (hereafter referred to as HS). Our
modelling only utilised thickness information for specific
point locations and did not consider previously constructed
isomass maps, such as that from Miyaji et al. (2011) shown
in Fig. 1.
Due to the high consequences associated with tephra fall
affecting the metropolitan area of Tokyo, particular scrutiny
was given to estimates of tephra accumulationwithin this area.
However, due to urban development, only a single location
has been found to provide adequate geological information.
At Hongo Campus, the University of Tokyo (Fig. 1), the total
Hoei deposit was reported to be approximately 20 mm in
thickness, with phase A identifiable as a layer approximately
2 mm in thickness (Miyaji and Koyama 2011; T. Fujii, per-
sonal communication, September 2014). For the inversion of
phase A and HS, we include these estimates at this location
(hereafter referred to as Hongo).
Table 1 Eruption parameters [erupted mass, duration, plume height
and neutral buoyancy (Nb) height] estimated from geological
investigations and historical documents for each phase of the Hoei
eruption and for the total eruption sequence (marked by *), with
corresponding erupted mass and plume height ranges simulated by
inversion
Group Phase Number
of points*
Mass
(×1010 kg)*
Duration
(h)*
Height
(km)*
Nb
height
(km)*
Minimum
simulated mass
(×1010 kg)
Maximum
simulated mass
(×1010 kg)
Minimum
simulated
height (km)
Maximum
simulated
height (km)
I A 69 5.7±0.3 1.5 23− 3
+5 17− 2
+3 1.14 28.5 15 28
B 35 44− 0.4
+ 0.3 4.0 18− 3
+4 14− 3
+4 0.88 22 11 22
II C 28 26− 1
+0 8.0 22− 3
+4 17− 2
+3 5.2 130 15 26
D 18 8.9− 0.8
+ 0.4 5.0 19− 3
+5 15− 3
+4 1.78 44.5 12 24
E 19 13±1 15.5 18− 3
+4 14− 3
+4 2.6 65 11 22
F 23 5.5− 0.5
+ 0.1 1.1 27.5 11 22
III G 17 2.1− 0.2
+ 0.1 15.5 12− 3
+4 10− 2
+3 0.42 10.5 8 16
H 16 14±1 17.5 17− 3
+4 13− 3
+4 2.8 70 10 21
I 14 6.6− 1.2
+ 0.8 16.0 15− 3
+4 12− 3
+4 1.32 33 9 19
J 14 12− 1
+0 16.5 16− 3
+4 13− 3
+4 2.4 60 10 20
K 18 6.2− 0.6
+ 0.5 8.5 16− 3
+4 13− 3
+4 1.24 31 10 20
L 24 18±2 9.0 20− 3
+5 15− 3
+4 3.6 90 12 25
M 22 4.1− 0.5
+ 0.4 8.0 15− 3
+4 12− 3
+4 0.82 20.5 9 19
IV N 17 10− 2
+1 4.5 20− 4
+5 16− 3
+4 2 50 13 25
O 9 13− 2
+1 33.5 15− 3
+4 11− 3
+5 2.6 65 8 19
P 6 11− 2
+1 11.5 17− 3
+5 13− 3
+4 2.2 55 10 22
Q 4 18− 4
+3 57.0 14− 3
+4 11− 3
+4 3.6 90 8 18
Hoei sequence (HS) 101 179− 7
+13 36 900 8 28
*Values from Miyaji et al. (2011). For mass, subscript and superscript values represent errors determined by least squares fitting. In the calculation of
Height and Nb height, subscript and superscript values represent uncertainties in mass estimation, atmospheric structure and eruption duration (assumed
to be as high as 50 %)
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Inversion commences with a random value chosen from a
defined range for each model parameter. Each consecutive
iteration compares model-calculated values with field mea-
surements (Eq. 1) and adjusts the model input parameters to
progress to a best-fit solution (Connor and Connor 2006). The
parameters investigated were total erupted mass, maximum
plume height, distribution of mass within the plume, median
particle size (phi), standard deviation particle size (phi), diffu-
sion coefficient, fall time threshold, and wind speed and di-
rection at equal intervals above the erupting vent.
Inversion sensitivity, including the possible occurrence of
local minima, was assessed by performing multiple inversions
with comparatively narrow ranges for selected critical param-
eters. For each phase, erupted mass and maximum plume
height were divided into ten narrower ranges. The minimum
erupted masses considered (Table 1) were approximately five
times smaller than that estimated by Miyaji et al. (2011) and
the maximum approximately five times larger. To best repli-
cate the maximum release height of particles, plume heights
were sampled between the minimum neutral buoyancy height
(the level where the plume spreads after reaching the same
density as the surrounding atmosphere) and the maximum
plume height estimated by Miyaji et al. (2011) (Table 1).
For all inversion simulations, we assumed a minimum par-
ticle size of 6.0 phi and a maximum of −6.0 phi to adequately
cover the range measured by Miyaji (1984). The median par-
ticle size was allowed to vary between 3.0 and −3.0 phi (after
Miyaji 1984) and the standard deviation between 0.5 and 3.0
phi. The wind speed at each height interval was sampled be-
tween 10 and 120 m s−1, acceptable in this location, and the
wind direction between 225 and 315° (225 and 340° for phase
D), as witnessed during the 1707 eruption. For simplicity, vent
elevation was fixed at 2500 m; lithic density was assumed to
be 2600 kg m−3 and pumice density 1000 kg m−3 (approxi-
mate means through Hoei sequence as measured by Miyaji
1984).
In advection–diffusion models, the width of the simulated
deposit and the maximum thickness along the dispersal axis
are mostly controlled by particle diffusion, which, in Tephra2,
is described by a linear and a power-law function for coarse
and fine particles, respectively (Bonadonna et al. 2005;
Courtland et al. 2012). For coarse particles, we indicate those
that have fall times less than the fall time thresholds typically
determined empirically through model inversions of field ob-
servations (e.g. Bonadonna et al. 2005). The diffusion coeffi-
cient describes the diffusion of coarse particles through the
atmosphere and values may range from an order of 1 to 10,
000 m2 s−1 (Heffter 1965; Pasquill 1974; Suzuki 1983;
Bonadonna et al. 2005). Values of fall time threshold can
realistically range from an order of 1 to 10,000 s. To constrain
each simulation, the diffusion coefficient here was allowed to
vary between 1 and 1000 m2 s−1 and the fall time threshold
between 1 and 250 s. It is important to note that the diffusion
coefficient in semi-analytical advection–diffusion models,
such as Tephra2, does not describe only atmospheric diffu-
sion, but also gravitational spreading and other sedimentation
processes that are not specifically defined in the model. As a
result, the diffusion coefficient is larger than measured atmo-
spheric diffusivity (e.g. Volentik et al. 2010; Bonadonna et al.
2015b).
Mass distribution within plume
Ash dispersion is in part controlled by the release height of
particles with, when all other parameters are consistent, those
released from lower elevations accumulating closer to the
vent. The relative release height of particles may be approxi-
mated by the distribution of mass within the simulated erup-
tion plume. Previous modelling carried out with Tephra2 as-
sumed a linear distribution of mass between the maximum
plume height and a given lower limit (Bonadonna et al.
2002, 2005; Biass and Bonadonna 2012). Bonadonna et al.
(2002) tested various mass distributions by simulating
Vulcanian plumes with (1) mass concentrated half-way be-
tween the neutral buoyancy height and the plume height, (2)
mass distributed linearly between the neutral buoyancy height
and the maximum plume height, and (3) mass distributed ac-
cording to Suzuki (1983), where the highest concentration of
particles are typically located around the height of neutral
buoyancy. For these short-lived plumes, it was found that
the uniform distribution gave the best results. Further studies
considered a lognormal distribution of mass within the plume
with mass concentrated primarily in the upper section
(Bonadonna et al. 2005).
Here, we investigate the effectiveness of distributing mass
in a vertical plume based on a beta probability density func-
tion:
P xð Þ ¼ 1−xð Þ
β−1xα−1
B α;βð Þ ð2Þ
where B(α,β) is the beta function and α,β>0. A uniform
distribution is described when α and β are both equal to 1;
when α>β, the distribution is skewed and a greater amount of
ash is released towards the top of the plume.
Rather than allowing α and β to be determined by inver-
sion, eight beta probability density functions (PDFs) were
simulated (Fig. 2). PDF 1 is the uniform distribution with α
and β both equal to 1. The values of α and β were adjusted in
PDFs 2 to 8 so that with each consecutive distribution, a
greater amount of ash was distributed towards the top of the
plume, i.e. potentially representing a more intense umbrella
region. PDFs 2, 3 and 4 represented plumes where mass was
preferentially concentrated in the lower part of the plume.
These distributions may more accurately represent situations
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such as that described by Fero et al. (2009) where the largest
concentration of ash is released from a height much lower than
the maximum plume height.
Each set of inversion runs (phases A–Q and HS) consisted
of ten ranges of mass, ten ranges of plume height and eight
PDFs of mass within the plume. For each of these possibili-
ties, we applied ten different random number seeds to give a
total of 8000 inversion runs per phase and for HS. To increase
efficiency, computations were performed in parallel using a
message passing interface (MPI). Measured tephra accumula-
tion points were divided equally among multiple processors
with tephra accumulation calculated independently for each
location. Results were compiled and RMSE calculated on a
master node.
Phase A inversion
To demonstrate the inversion methodology, we describe in
detail the steps undertaken to replicate phase A of the Hoei
eruption. Unit A represents the initial Plinian phase and is
distinct because of its pale colour (Miyaji 1984; Miyaji et al.
2011). Lasting approximately 1.5 h, this was the most ener-
getic phase of the eruption, exhibiting the highest plume
(Miyaji et al. 2011). Measurements of ash accumulation for
phase A were described for 69 locations ranging from
600 kg m−2, 3 km to the east of the Hoei craters (Miyaji
et al. 2011), to 2 kg m−2, 100 km northeast (Miyaji and
Koyama 2011).
Using the method proposed by Pyle (1989), who consid-
ered the exponential decay of deposit thickness as a function
of the square root of the area enclosed by the corresponding
isopach, Miyaji et al. (2011) calculated a mass of 5.7±0.3×
1010 kg for phase A of the Hoei eruption. Koyama and
Maejima (2009) estimated from eyewitness accounts that the
plume was at least 20 km high and Miyaji et al. (2011) con-
cluded a height between 20 and 28 km with the neutral buoy-
ancy height between 15 and 20 km. Inversion simulations for
this phase sampled mass between 1.14×1010 and 2.85×
1011 kg, divided using a log scale into ten narrower ranges.
Plume height was sampled between 15 and 28 km, divided
into ten equal ranges of 1.3 km.
Considering each set of inversions, represented by a unique
erupted mass range, plume height range and mass PDF, and
using a unique random number seed, the simulation producing
the lowest RMSE (Eq. 1), or best fit to the measured data, was
kept for further analysis, i.e. 800 best-fit inversions
representing different erupted mass, plume height and mass
PDF combinations. The results for phase A are presented in
Fig. 3, with key parameters plotted against RMSE. Points of
different colour represent the eight mass PDFs applied.
Although simulations resulted in a wide range of RMSE
values depending on the allowed ranges of total mass and
plume height, and the distinct mass PDF, in general the lowest
values were calculated when using PDF 4 (Fig. 3a). This sug-
gests that for phase A, PDF 4 with a higher concentration of
tephra in the lower portion of the plume produces the best fit to
the measured data.
Figure 3b shows that the best fit to the measured data oc-
curs for a simulation when the total simulated mass is approx-
imately 8×1010 kg. Plume height here does not appear to be as
well constrained by inversion, although Fig. 3c shows that
simulations with the lowest RMSE values tended to have
heights below 20 km. Likewise, inversions with diffusion co-
efficients from as low as 1 to as high as 1000 m2 s−1 gave
similar goodness-of-fit values (Fig. 3d).
Median particle size was better constrained (Fig. 3e) with
the best fit found using sizes between 1 and 0 phi. Mean wind
speeds, calculated by averaging the wind profile at all heights,
also varied greatly between inversion runs, with the lowest
RMSE values using mass PDF 4 found for speeds between
approximately 50 and 70 m s−1.
Concluding for phase A that the lowest RMSE values oc-
curred when using mass PDF 4, we considered the 100 inver-
sions carried out for this mass PDF and further investigated
simulated eruption mass and plume height. For phase A, an
additional constraint was imposed whereby only inversions
with accumulation equal to or exceeding 1 kg m−2 at Hongo
were considered acceptable. This avoided inversions that con-
verged successfully to replicate measured accumulation close
to source but that were less accurate at distal locations where
fewer data points were available.
Inversion results are presented in a grid (Fig. 4) with the
lowest RMSE value for each erupted mass and plume height
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Fig. 2 Probability density functions (PDFs) describing the mass
distribution and release of tephra from the eruption plume. On the
horizontal axis, 0 represents vent height and 1 the maximum height of
the eruption plume. Values for (α, β) define the shape of each PDF and
are shown in the legend
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range combination shown by a circle (mass ≥1 kg m−2 at
Hongo) or cross (<1 kg m−2 at Hongo) at the location deter-
mined to be the best fit to the measured data. Where the
erupted mass range is less than 5.6×1010 kg (1010.75 kg), the
mass chosen by inversion is always near the top limit of the
considered range. Likewise, for erupted mass ranges higher
than 1.07×1011 (1011.03 kg), inversion tended to choose a
mass value near the lower limit of the range considered.
LowRMSE values were calculated for plume heights between
16.3 and 22.8 km. Consistent with these observations, the best
inversion results indicated a mass of 7.8×1010 kg and plume
height of 17.6 km.
Phase inversions
For each simulated phase, the inversion exhibiting the lowest
RMSEwas selected and the corresponding source parameters,
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Fig. 3 Inversion results versus calculated root mean squared error
(RMSE) for critical eruption parameters. Results include each PDF of
mass distribution within the plume, erupted mass and plume height
combination. For each combination, only the inversion with the lowest
RMSE of the ten modelled seeds is included. Colours represent the eight
PDFs describing mass distribution
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model coefficients and meteorological conditions determined
through inversion (Table 2) were modelled over a 1-km reso-
lution grid using the forward solution of Tephra2. Isomass
maps were constructed using these simulations and the mea-
sured and simulated tephra accumulation at measurement
points were compared using linear regression (selected
examples are shown in Fig. 5 with all remaining phases in
supplementary information). Summary regression results for
each phase are given in Table 3.
Considering again phase A, the regression plot (top right
Fig. 5) compares the simulated andmeasured accumulation for
each of the 69 locations considered and results in a correlation
coefficient of 0.97. The slope of 0.90 (95 % confidence inter-
val 0.85, 0.95) is less than 1 and therefore implies that the
inversion generally tends to underestimate measured
accumulation. We are particularly interested in the tephra
accumulation simulated for distal areas including the now
heavily populated area of central Tokyo. For phase A, Miyaji
and Koyama (2011) gave a value of 2 kg m−2 at Hongo, and
Miyaji et al. (2011) gave 5 kg m−2 on the Boso Peninsula in
western Chiba (locations most distal to source as shown in top
left Fig. 5). Corresponding values determined by inversion
were 1.1 and 1.3 kg m−2, respectively. Although not available,
a larger number of measured accumulation points in more
distal areas would likely improve results further from source.
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Fig. 4 Using PDF 4 to describe particle release from eruption plume,
phase A inversion results for each plume height and total eruptive mass
combination. Colours represent the RMSE, with the simulation
represented by the lowest RMSE shown by a red star. Black crosses
represent simulations where accumulation at Hongo was less than
1 kg m−2
Table 2 Best-fit eruption parameters, coefficients and wind characteristics, as determined by inversion, for each phase of the Hoei eruption and for the
total eruption sequence
Group Phase Mass (×1010 kg) Plume height
(km)
Mass PDF Median particle
size (phi)
Diffusion coefficient
(m2 s)
Mean wind speed
(m s−1)
I A 7.8 17.6 4 0.5 1000 51.2
B 4.5 20.9 2 −3.0 80 62.3
II C 28.5 18.0 6 −0.9 745 66.1
D 8.2 17.1 1 1.2 912 57.9
E 18.6 11.5 5 2.5 485 71.4
F 11.5 16.0 4 2.9 306 48.9
III G 1.8 9.4 1 −1.4 785 77.8
H 24.1 15.9 4 1.1 193 66.4
I 12.0 15.6 1 1.4 230 59.5
J 11.0 13.1 4 0.8 995 66.6
K 2.7 11.3 3 −0.4 506 62.1
L 15.9 16.1 5 −0.8 121 71.6
M 8.2 10.3 6 2.6 711 49.0
IV N 11.9 19.0 1 −1.1 961 72.6
O 10.3 10.3 4 1.0 158 54.0
P 8.5 13.1 5 0.7 813 60.2
Q 23.6 13.5 6 −1.2 270 74.1
Hoei sequence (HS) 168.8 10.0 5 3.0 478 49.6
Fig. 5 Forward simulation results utilising parameters determined by
inverting phases A, C, H and P. Key results for remaining phases are
presented in Table 2 and figures can be found in supplementary
material. Isomass maps (kg m−2) for the forward solution of calculated
eruptive parameters are shown on the left. Sample locations from Miyaji
et al. (2011) are shown by solid circles. On the right, measured
accumulation is plotted against simulated accumulation for each
measurement point. The dotted line represents a correlation of 1 and the
solid line represents the line of best fit between measured and simulated
accumulation. The equation of best-fit line (y) and correlation coefficient
(r) are indicated on each plot
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Phase C began at approximately 17:00 on 16th December
with activity lasting around 8 h. This period of activity was
characterised by hot incandescent bombs that caused the fires
in Suyama, 13 km from the vent. Phase C exhibited the largest
erupted mass as estimated by Miyaji et al. (2011) (2.6×
1011 kg) and as determined by inversion (2.85×1011 kg).
The resulting regression line has a slope of 0.91 (95 % confi-
dence interval 0.80, 1.01) and a correlation coefficient of 0.96.
Although this shows an excellent correspondence between
simulated and measured values, the slope of less than 1.0
may again suggest that the inversion generally underestimated
mass for the 28 points considered.
Inversion of phase H resulted in the next highest estimation
of mass for a single phase (2.41×1011 kg), higher than the
1.4×1011 kg estimated by Miyaji et al. (2011). The onset of
unit H has been correlated with ash fall in Edo (Miyaji et al.
2011) and inversion results agreed, with accumulation ranging
between 1 and 10 kg m−2 over central Tokyo. Inversion pro-
vided a very good fit to the measured data with a slope of 0.96
(95 % confidence interval 0.86, 1.05) and correlation coeffi-
cient of 0.98.
It was suggested by Miyaji et al. (2011) that phase P, with
relatively coarse scoria, may have resulted from a higher
plume and been associated with ash fall in Edo. This phase
began at 10:30 on the 27th and lasted 11.5 h; however, the unit
can only be distinguished in six locations. Similarly, units O
and Q are only identified in nine and four locations, respec-
tively. Because of the low number of observations, and despite
the almost perfect correlation between measured and simulat-
ed mass (e.g. bottom right Fig. 5), it is difficult to have a high
level of confidence in the results from these phases.
Summing the mass calculated by inverting each phase
gives a total erupted mass for the Hoei eruption of 2.09×
1012 kg. Source parameters determined by inversion for indi-
vidual phases are shown in Table 2 and will be discussed in the
following sections.
Hoei sequence as one inversion
The observations above show that, where enough data are
available, inversion and the Tephra2 model can successfully
replicate individual eruptive phases where eruptive and mete-
orological parameters remain relatively constant for periods of
hours to days. We then investigated whether this methodology
is appropriate for simulating an entire eruptive sequence. This
has important consequences for probabilistic long-term hazard
modelling, where modelling an eruption as a single event is
more computationally efficient than modelling multiple erup-
tive phases.
Phases A through Q were deposited over a period of
16 days and data describing the deposit as a whole are avail-
able for 101 locations that extend as far north as Hongo and
east into Chiba prefecture (Miyaji et al. 2011). The total mass
for the eruptive sequencewas estimated byMiyaji et al. (2011)
to be between 1.72×1012 and 1.92×1012 kg and we allowed
Table 3 Values calculated when analysing the statistical significance between measured and simulated accumulation for each phase of the Hoei
eruption and the total eruption sequence
Group Phase Number
of points
Slope Correlation
coefficient
Slope lower 95 %
limit
Slope upper 95 %
limit
Number of positive
residuals
Number of negative
residuals
I A 69 0.90 0.97 0.85 0.95 29 30
B 35 1.00 1.00 0.97 1.02 19 10
II C 28 0.91 0.96 0.80 1.01 11 8
D 18 1.00 0.99 0.93 1.08 7 5
E 19 0.97 0.98 0.89 1.06 7 5
F 23 1.01 0.99 0.94 1.07 6 5
III G 17 0.99 0.99 0.90 1.08 7 5
H 16 0.96 0.98 0.86 1.05 5 5
I 14 0.92 0.98 0.79 1.04 3 3
J 14 0.99 1.00 0.96 1.02 5 3
K 18 0.94 0.96 0.80 1.07 4 7
L 24 0.97 0.97 0.87 1.07 9 9
M 22 0.96 0.99 0.89 1.02 7 7
IV N 17 0.95 0.98 0.86 1.04 4 6
O 9 1.00 1.00 1.00 1.00 0 0
P 6 1.00 1.00 0.99 1.02 0 1
Q 4 1.00 1.00 1.00 1.00 0 0
Hoei sequence (HS) 101 0.83 0.89 0.74 0.91 51 44
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our inverted mass for HS to range more widely between 3.6×
1011 and 9×1012 kg. Simulated maximum plume heights
ranged between 8 and 28 km. The forward solution and accu-
mulation regression for the best simulation are shown in
Fig. 6. The regression shows a slope of 0.83 (95 % confidence
interval 0.74, 0.91) and a correlation coefficient of 0.89.
This slope and correlation show a poorer fit between mea-
sured and simulated accumulation than for any individual
phase. However, the larger number of available data points
contributes to this observation. The slope of less than 1.0
again suggests that inversion may in general underestimate
mass at the points considered. Inversion for one point, 3 km
southeast of the simulated vent, predicted a total accumulation
of 350 kg m−2 despite the total deposit being measured at
4900 kg m−2 in this location. This may indicate that inversion
had difficulty replicating the deposit where tephra would have
fallen relatively quickly from the plume, or that the changing
and uncertain vent location, not accounted for here, played an
important role in the thick deposit at this location. In addition,
discrepancies are noted for two locations to the southeast of
the 10 kg m−2 contour (Fig. 6), approximately 22–24 km
southeast of the vents. The measured accumulation for these
points are, from north to south, 90 and 60 kg m−2, with
inverted accumulation less at 6.9 and 3.4 kg m−2, respectively.
This suggests that this particular inversion had difficulty rep-
licating lobes of tephra away from the main dispersal axis.
The total erupted mass determined for HS was 1.69×
1012 kg, less than the 2.09×1012 kg estimated by summing
the masses for each phase calculated by inversion. The max-
imum plume height calculated by inversion was 10 km. A
mass PDF of 5 (highest concentration of mass at the mid-
section of the plume) was found to best replicate the data with
a median particle size of 3.0 phi (0.125 mm) and a mean wind
speed of 49.6 m s−1 (Table 2).
By summing the forward solutions of each inverted phase,
we can compare the total deposit simulated by considering
each phase individually and by inverting data describing the
entire eruptive sequence (Fig. 7). As deposit density was as-
sumed to be 1000 kg m−3, the isomass maps constructed can
in turn be compared directly to isopachs drawn byMiyaji et al.
(2011) (Fig. 1).
Figure 7 shows that combining individual phases gives a
more elongated simulated deposit, with contours also wider
and extending further north into Tokyo. When combining
simulated phases, inversion produced contours that are similar
to those deduced directly from geological and eyewitness re-
ports, although contours are not as elongated and 10 and
20 mm/kg m−2 contours do not extend as far to the north
(see Figs. 1 and 7). This is likely due to the limited number
of measured points available at distal locations for individual
phases, which may have resulted in inversion underestimating
accumulation further from source.
Correlation between simulated and measured
accumulation
Of the regressions comparing simulated and measured accu-
mulation presented above and in the supplementary informa-
tion, all resulted in slopes that, although close to unity, were
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Fig. 6 Inversion results from the best-fit simulation of the entire eruptive
sequence. Isomass map (kg m−2) for the forward solution of calculated
eruptive parameters is shown on the left. Sample locations from Miyaji
et al. (2011) are shown by solid circles. The inner isomass contour is not
annotated but represents 1000 kg m−2 extent. On the right, measured
accumulation is plotted against simulated accumulation for each
measurement point. The dotted line represents a correlation of 1 and the
solid line represents the line of best fit between measured and simulated
accumulation
Bull Volcanol (2015) 77: 81 Page 11 of 18 81
generally less than or equal to 1.0 (Table 3). This suggests that
the simulated mass is generally less than the measured mass
for the locations considered and, in general, that inversion
tended to underestimate measured values. The lowest slopes
are seen for phase A (0.90) and HS (0.83) with corresponding
correlation coefficients of 0.97 and 0.83. For all regressions,
p values are less than 0.001 and therefore highly significant.
To increase our confidence in the results, we considered the
statistical significance of these regressions, with the results
summarised in Table 3.
For all regressions, excluding A and HS, a slope of 1.0 falls
within 95 % confidence bounds, and we thus conclude that
these slopes are not significantly different from unity. For a
95 % confidence level, phase A resulted in a slope between
0.85 and 0.95 and HS between 0.74 and 0.91. For these ex-
amples, we may assume that the best inverted simulation gen-
erally underestimated tephra accumulation for the locations
considered. We thus explored A and HS further to see if this
was caused by outliers or was a true product of the inversion
methodology.
The Wilcoxon signed-rank test (Wilcoxon 1945; Siegel
1956) is a non-parametric statistical test used to compare
matched samples to assess whether their population mean
ranks differ (i.e. a paired difference test). In this case, the
measured and simulated samples were matched for each ob-
served point. This test assesses the impact of outliers on the
slope of the regressions as it is based on the ranks of the
differences, rather than on the magnitude of the differences.
For phase A, there is a greater number of negative than
positive residuals (Table 3), indicating that the simulated mass
is more often higher than that measured (Connor and Connor
2006). We set a null hypothesis that there is no difference
between the measured and simulated tephra accumulation
values against a two-sided alternative.
We calculated T, the sum of the ranks of the positive resid-
uals, for phase A to be 866. The sample size (n) was reduced
by the number of cases in which the measured and simulated
values were equal. Here, the sample size was large and Tmay
be approximated by a normal distribution where the expected
value of T could be calculated as (Siegel 1956):
E Tð Þ ¼ n nþ 1ð Þ
4
ð3Þ
and the variance as:
Var Tð Þ ¼ n nþ 1ð Þ 2nþ 1ð Þ
24
ð4Þ
For phase A, n=59, E(T)=885 and Var(T)=17,553. The Z
variable could then be calculated as:
Z ¼ T−E Tð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Var Tð Þp ð5Þ
Z was found to be −0.15 (i.e. p>0.8), and we therefore
cannot reject the null hypothesis that measured and simulated
values are equal; we conclude that the slope of the regression
line may be influenced by additional outliers. This is shown in
Fig. 5 with measured points >200 kg m−2 clearly affecting the
slope of the regression line.
For HS, there is a greater number of positive than negative
residuals suggesting that simulated mass is more often lower
than that measured. Assuming the same hypothesis as for A
that there is no difference between measured and simulated
tephra accumulation values against a two-sided alternative, T
50 km
10
10
10
20
20 20
40
40
40
80
80 160
320
640
Combined phases
˚041˚931
35˚
36˚
50 km
10
10
10
20
20
2020
40
40
40
80
80
160
160
320
64
0
Hoei sequence
˚041˚931
35˚
36˚
Fig. 7 Comparison of isomass maps (kg m−2) for individual phases,
combined by summing the mass calculated at each grid point in the
forward solutions, and inversion of the entire deposit. Inner isomass
contours are not annotated but represent 1280 and 2560 kg m−2 extents.
Isomass contour intervals are the same as those in Fig. 1 to allow easy
comparison of the thickness estimated by Miyaji et al. (2011); as both
studies assumed a density of 1000 kg m−3, the contours in Fig. 1 can be
considered to represent both thickness (mm) and mass in (kg m−2)
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is equal to 2182, n=95, E(T)=2280 and Var(T)=72,580. The
Z value was calculated to be −0.36 (p>0.7), and we can there-
fore not reject the null hypothesis that measured and simulated
values are equal. As with phase A, outliers may affect the
slope of the regression line for the HS inversion.
Discussion
Total erupted mass
Given sufficient input arguments, inversion appears to converge
when predicting erupted mass. Combining individual phases
gives a total erupted mass for the Hoei eruption of 2.09×
1012 kg and the HS simulation a mass of 1.69×1012 kg. Next,
we compared those values with various curve-fitting techniques
utilising the areas of the isomass contours deduced byMiyaji et al.
(2011) (Table 4; Fig. 8). So that each method could be compared
directly, a normalised root mean square error (NRMSE) was cal-
culated describing the fit between measured and simulated or
fitted tephra accumulations over all distances (Table 4).
We first utilised the exponential method proposed by Pyle
(1989), where accumulation is assumed to decay exponential-
ly with the square root of the area enclosed by the isomass
contours. This method was recommended by Fierstein and
Nathenson (1992) and utilised by Miyaji et al. (2011) to previ-
ously estimate total eruptedmass from the Hoei eruption. These
latter authors used two exponential curves to describe the thin-
ning of the entire eruption sequence and individual phases. To
account for a lack of distal data for phases B–Q, the slope of the
distal curve for the entire deposit was combined with available
proximal data so that a total mass could be approximated for
each phase (Fig. 9). We also adopted this methodology, fitting
two curves to the entire sequence and to phases A and B, then
adopting distal information from the entire sequence to approx-
imate distal mass for phases C–Q. These revised calculations
gave a combined mass for all phases of 2.52×1012 kg and,
utilising only HS contours, a mass of 1.59×1012 kg.
Fitting only one exponential curve to each phase (Table 4)
gave a significantly lower total mass of 7.0×1011 kg,
highlighting the lack of distal data for individual phases and
the importance in considering distal tephra in total mass cal-
culation. This is in agreement with previous studies, including
Fierstein and Nathenson (1992), Pyle (1995), Bonadonna and
Houghton (2005) and Bonadonna and Costa (2012), who state
that volume may be significantly underestimated using the
exponential method when distal data are missing. This must
be balanced with uncertainty introduced due to subjective
Table 4 Erupted mass (×1010 kg) calculated by inversion, exponential two-segment, exponential one-segment, power-law and Weibull methods.
Number of isopachs used for curve fitting as presented in Miyaji et al. (2011)
Group Phase Number of isopachs Inversion Exponential (two segments) Exponential (one segment) Power law Weibull
I A 6 7.8 (6.9) 5.7 (5.0) 5.0 (18.4) 8.5 (1.1) 5.8 (1.7)
B 6 4.5 (1.3) 2.6 (0.4) 2.5 (18.6) 4.3 (5.0) 6.0 (3.1)
II C 3 28.5 (15.5) 33.8 (4.3) 8.5 (4.3) 41.1 (2.9) –
D 4 8.2 (3.8) 23.7 (4.2) 5.8 (4.2) 38.9 (12.9) 5.1 (0.9)
E 3 18.6 (9.1) 17.7 (7.5) 4.4 (7.5) 29.5 (0.6) –
F 2 11.5 (15.0) 6.9* 1.8* 6.2* –
III G 2 1.8 (7.3) 2.8* 0.7* 2.8* –
H 3 24.1 (6.3) 18.5 (8.8) 4.7 (8.8) 19.0 (1.2) –
I 3 12.0 (13.2) 9.4 (0.2) 2.5 (0.2) 9.2 (5.3) –
J 3 11.0 (2.8) 16.8 (3.7) 4.3 (3.7) 28.2 (3.4) –
K 4 2.7 (11.8) 9.0 (5.1) 2.4 (5.1) 5.7 (11.4) 2.3 (4.8)
L 3 15.9 (8.8) 24.9 (1.9) 6.4 (1.9) 20.9 (3.4) –
M 3 8.2 (7.9) 6.0 (4.7) 1.7 (4.7) 2.9 (0.1) –
IV N 3 11.9 (6.2) 14.5 (0.6) 3.9 (0.6) 27.0 (5.5) –
O 2 10.3 (0.0) 18.1* 4.5* 16.3* –
P 2 8.5 (0.8) 15.7* 3.9* 18.8* –
Q 2 23.6 (0.0) 26.1* 7.1* 22.9* –
Total A–Q 209.1 252.3 70.0 302.1 –
Hoei sequence (HS) 9 168.8 (11.2) 158.8 (2.4) 161.1 (21.8) 190.4 (4.5) 154.3 (11.1)
Normalised root mean square errors are given in brackets as percentages. Errors describe the fit of calculated tephra accumulation to measured points
(inversion method) and isopachs derived from geological and historical data (other methods)
*Insufficient isopachs to determine normalised root mean square error
–Insufficient isopachs to determine mass from Weibull method
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choices in the position and number of curves used for calcu-
lation when multiple curves are applied to describe dispersal
data (Bonadonna and Costa 2012, 2013).
Fitting a power-law distribution to describe accumulation
decay with the square root of area (Bonadonna and Houghton
2005) provides a more gradual thinning and may better ap-
proximate the true nature of deposits. However, depending on
the power-law exponent, and, therefore, on the extent of the
tephra deposit, this method has been shown to significantly
overestimate total mass when proximal or distal data missing
(Bonadonna and Houghton 2005; Bonadonna and Costa
2012, 2013). The same observation is made here with results
being extremely sensitive to distal integration limits.
Conservative limits were applied (100–200 km for phases
where inverted mass was ≤1×1011 kg and 150–250 km where
mass was greater), but calculated total mass was typically
greater than that determined by inversion and exponential
methods (Table 4; Fig. 8).
The final method trialled was that proposed by Bonadonna
and Costa (2012, 2013), where aWeibull curve was applied to
the data. The Weibull function can be integrated between zero
and infinity, shows more gradual thinning than the power-law
distribution and is less sensitive to missing data (Bonadonna
and Costa 2012, 2013). A minimum of three points is required
for Weibull integration, but we found results to be unstable
with fewer than four values. Therefore, this method was only
used to estimate mass for phases A, B, D and K (Table 4;
Fig. 8), and for HS (Table 4). Where sufficient data were
available (phases A, B and HS), results were similar to those
obtained from inversion and the two-segment exponential
method. For phases D and K, a smaller mass in comparison
to the exponential two-segment method potentially shows the
importance of accounting for missing distal data.
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considering the slope and intercept calculated for the entire Hoei
sequence
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In summary, where enough data are available, the Weibull,
exponential two-segment (accounting for distal data) and in-
version methods for calculating mass are in good agreement.
The exponential one-segment method tends to underestimate
mass and the power-law method tends to overestimate
(Fig. 8).
To further compare methods, we considered phase results
for the exponential two-segment and inversion methods
(Fig. 10). The slope of the regression is 0.79 (95 % confidence
interval 0.64, 0.93). This mirrors regressions for points de-
scribing individual phases, with inversion generally predicting
smaller total mass than calculated by exponential curve-
fitting. However, we cannot conclude that this trend is
significant.
Plume height
Inversion applied here determines time-averaged wind speed
and direction for each layer, up to the maximum height of the
plume, which results in simulated deposits that best replicate
those measured. A constant range of wind speeds and direc-
tions are given as initial constraints and are not dependent on
height within the plume, i.e. simulated wind speeds at the base
of the plume are not necessarily lower than that nearer the top,
as would be the case in reality. The shape of the deposit is
controlled in part by the wind conditions at each level, rather
than by varying conditions with time.
Miyaji et al. (2011) estimated total plume height and
neutral buoyancy height based on magma heat flux
relationships proposed by Woods (1988) (Table 1).
Comparing maximum plume heights estimated by Miyaji
et al. (2011) with those calculated by inversion gave a regres-
sion slope of 0.84 (95 % confidence interval 0.77, 0.91) and a
correlation coefficient of 0.99; comparing inversion results
with neutral buoyancy estimates gave a slope of 1.08 (95 %
confidence interval 1.00, 1.17) (data in Tables 1 and 2,
regression plot not shown). In all but seven cases, the plume
height calculated by inversion was between the median values
of maximum and neutral buoyancy height calculated by
Miyaji et al. (2011). In five cases, inversion predicted heights
less than the median neutral buoyancy height and in two cases
higher than the median value of estimated maximum height.
These results show that tephra dispersal is most accurately
represented at all distances when the simulated maximum
plume height is approximately equal to the estimated neutral
buoyancy height.
As discussed for phase A, and as was the case for many of
our inversion runs, similarly low RMSE values were calculat-
ed for simulations where mass was on the same scale as that
calculated by the best inversion, but with plume heights that
could vary by up to 5 km. Other factors such as the PDF of
mass within the plume, particle size distribution and wind
conditions also interact with this parameter (see also Scollo
et al. 2008) and, therefore, it cannot be well constrained.
Similarly, Volentik et al. (2010) concluded that although in-
version constrained erupted mass well, this was not the case
for plume height; improvements were made by inverting for
individual particle size classes, therefore removing uncertainty
in particle size and fall velocity.
Distribution of mass within plume
The distribution of tephra within the plume was represented
by a beta function describing the relative proportion of mass
released from various relative heights within the plume (Eq. 2;
Fig. 2). Rather than allowing inversion to select the function
parameters, α and β, these were fixed and eight possible prob-
ability density functions (PDFs) were tested ranging from a
uniform distribution to distributions with a more asymmetric
release of material with towards the base or top of the plume.
For each eruptive phase, a low RMSE indicates a preferential
distribution of mass within the plume (see Fig. 3a as an
example).
Only for phases D, G, I and Nwas a uniform distribution of
mass in the plume (PDF 1) found to produce the best fit to the
measured data. Phases E, L, P and HS were best replicated by
PDF 5, where mass is concentrated at a mid-level in the
plume. Phase B was best simulated by PDF 2, and phases A,
F, H, J, K and O were most accurately represented by
assuming PDF 3 or 4, with mass concentrated in the lower
part of the plume. This is consistent with Fero et al. (2009)
who suggested that for the 1991 Pinatubo eruption, the largest
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amount of ash may have been released at a height significantly
lower than the maximum observed plume height, andMannen
(2014) who, for a sub-Plinian eruption, showed that most par-
ticles segregated from the lower section of the plume.
However, as our maximum simulated plume heights were
nearest to neutral buoyancy heights, tephra was predominately
dispersed from heights lower than expected. Only for phases
C,M and Qwere plumes with high concentrations of tephra in
the upper part of the plume found to best replicate the ob-
served deposit. Moreover, PDFs 7 and 8, where mass is con-
centrated highest in the plume, did not most accurately simu-
late any observed deposits.
We found no obvious relationship between the mass PDF
determined to be optimal and phase duration or eruption rate.
The PDF value was, however, positively correlated with mass,
with higher volume phases, C and Q in particular, finding it
preferential to have a larger amount of tephra in the higher
portion of the plume. Considering both the inverted mass PDF
and inverted plume height, the height at which most particles
were released was between 2 and 12 km above the vent.
Averaged across all phases, this was equal to 33 % of the
maximum plume height and 43 % of the neutral buoyancy
height estimated by Miyaji et al. (2011).
Total particle size distribution
A detailed analysis of the Hoei deposit at Dainichido, 7.5 km
east of the vent, was undertaken by Miyaji et al. (2011). We
compared the median particle size (mm) for each phase at this
location with that calculated by our forward solutions at the
same location and found a poor correlation (slope 1.11; 95 %
confidence interval 0.67, 1.56; correlation coefficient 0.67).
To further investigate, the mean particle size for the entire
simulated deposit was compared to the calculated mass and
plume height for each phase and to the duration of each phase
with no clear relationships observed. There was, however, a
weak positive correlation between meanwind speed andmean
particle size with larger particle sizes being compensated for
by faster wind speeds. Similar to plume height, and when
inversion is based solely on mass accumulation, the particle
size distribution cannot be well constrained as this distribution
interacts with other parameters such as plume height, atmo-
spheric diffusion and wind speed.
Wind conditions
Current long-term December mean wind speeds at Fuji
Volcano were obtained from NCEP/NCAR reanalysis data
provided by the NOAA/OAR/ESRL PSD, Boulder,
Colorado, USA, from their Web site at http://www.esrl.noaa.
gov/psd (Kalnay et al. 1996). These were found to be 31 m s−
1, averaged below approximately 26 km, and 71 m s−1 at a
height of approximately 12 km. Considering an estimated 2–
2.5 h for tephra to reach Edo following the sounds of
explosions from Fuji volcano during the Hoei eruption
(Miyaji et al. 2011), tephra would have been dispersed, on
average, at between 11 and 14 m s−1, with the majority of
time spent at lower altitudes with relatively slower wind
speeds.
Independent from this information, inversion was used to
estimate wind speed and direction for 10 atmospheric layers
up to the maximum height of the plume. Wind speed was
allowed to vary between 10 and 120 m s−1 and the range of
sampled wind directions was determined from the extent of
the deposits. For phase D, wind direction was varied between
225 and 340°; for all remaining phases, between 225 and
315°. Rather than replicating true wind conditions, this meth-
odology utilises changes in wind direction and speed with
height to most accurately simulate the deposit that may also
have been influenced by changes in wind conditions with
time. Therefore, the calculated wind profile for a given phase
does not give a true representation of the wind conditions at
the time of the eruption of that material, although it is inter-
esting to look at averaged conditions and general trends.
Mean wind speeds averaged over the eruption plume
(Table 2) ranged between 49 and 78 m s−1, which are higher
than average conditions, but incorporate false maximums at
some levels that helped to better replicate the deposit. Higher
speeds did not only occur in the upper portion of the simulated
plume but were randomly spread throughout. Future inversion
investigations could consider fixing wind conditions; howev-
er, this may not be as successful in replicating pulses of activ-
ity in a discrete simulation.
Conclusions
Inversion modelling was carried out for the Hoei eruption of
Fuji Volcano, which occurred over 15 days at the end of 1707.
Documented eyewitness accounts and detailed geological in-
vestigations permit tephra accumulation to be accurately de-
termined at a large number of locations for individual phases
of the eruption. Inversion techniques were applied to replicate
each tephra-producing phase of the eruption and the eruptive
sequence as a whole.
Inversion exhibited a general trend to slightly underesti-
mate the measured or observed accumulation for the locations
considered. However, regression analysis of measured and
simulated values and statistical significance testing of resid-
uals showed that only phase A, and the Hoei sequence as a
single inversion, showed a significant tendency for inversion
to underestimate measured values and that this may have been
the result of outliers.
Inversion was found to converge well to predict total
erupted mass; however, parameters such has plume height,
distribution of mass within the plume, total particle size
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distribution and wind speed interacted so that we could be less
confident with these estimations. The total mass estimated by
inverting individual eruptive phases was 2.09×1012 kg with
1.69×1012 kg determined when considering a single data set
describing the entire eruption sequence. These values were
found to be most compatible with mass calculation using an
exponential (two-segment) curve fitting approach. Using the
areas of isopach contours developed by Miyaji et al. (2011)
and accounting for missing distal data gave comparative
values of 2.52×1012 and 1.59×1012 kg. Using a Weibull
fitting method also gave similar results for phases where
enough data were available (1.54×1012 kg for the total Hoei
sequence).
Both inversion and exponential curve fitting methods ap-
plied to multiple combined phases resulted in a greater total
mass being determined for the Hoei eruption compared to
calculations considering a single set of data describing the
Hoei sequence. The single inversion for the entire Hoei se-
quence produced a deposit that did not extend as far to the east
or north. Inversion was found to be highly dependent on avail-
able measured or observed tephra accumulation data. In sim-
ulating for individual phases, detailed geological data close to
source allowed for more accurate simulation of the deposit,
taking into account subtleties such as lobes deposited during
transient increases in eruption rate and variations in wind ve-
locity or direction, which allowed for a more accurate repre-
sentation of the deposit.
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